This paper deals with matrix transformations preserving the meanconvexity of sequences. The main result gives the necessary and sufficient conditions for a non-negative matrix A to preserve the meanconvexity of sequences. Also, we state a property for such a matrix A to map a non-mean-convex sequence into a mean-convex sequence. Then we consider the case where a matrix A maps a mean-convex sequence into a convex sequence. Further, we discuss the mappings of mean-convex sequences by the Abel matrix and Borel matrix.
Introduction
In [3, 4, 5, 7, 8, 9] , the authors have studied convex sequences and mean-convex sequences. In this paper, we consider the sequences which are mean-convex, but not necessarily convex and study the mappings of such sequences by a non-negative matrix. We give below the definitions and results pertaining to convex and mean-convex sequences from Toader's paper [8] .
Definition 1.1 A real sequence (x n ) is called convex if its second order differences
for n = 0, 1, . . . .
Definition 1.2 A real sequence (x n ) is called mean-convex if its mean-sequence denoted by (M(x n )) where
is convex.
i.e., (x n ) is mean-convex, if its Cesaro transform is convex. It is well-known that if a sequence is convex, then so is the Cesaro transform [1] . Thus, all convex sequences are mean-convex sequences. But all mean-convex sequences need not be convex. For example, (x n ) = {1, 1, 4, 6, 8, 10, 12, . . . } is not convex, because Δ 2 x 1 = x 3 − 2x 2 + x 1 = −1, whereas the corresponding Cesarotransformed sequence {1, 1, 2, 3, 4, 5, 6, 7, . . . } is convex. So, the set of convex sequences is a proper subset of mean-convex sequences.
Lemma 1.3 If the sequence (x n ) is represented by
. Also, the sequence (x n ) is convex if and only if b n ≥ 0 for n ≥ 2.
Lemma 1.4 If the sequence (x n ) is represented by
Also, it is easy to see that the corresponding sequence (e k ) satisfies
In addition, Toader [8, p.190] gives the following relationship between b k 's and e k 's.
Lemma 1.5
If the sequence (x n ) is represented by (1.1) and (1.2) , then
In the next section, we give a few definitions and notations. Then in section 3, we state and prove the necessary and sufficient conditions for a non-negative matrix to transform a mean-convex sequence into a mean-convex sequence. Also, we state a property in order for the matrix A to be stronger than the identity mapping. Section 4 contains examples involving well-known classical matrices.
Preliminary results
Let A = [a n,k ] be a non-negative matrix which satisfies the property that for each n = 0, 1, . . . ,
Also, we define the matrices
n,k , where a
n,k , and (2.2)
Thus for all n and i, we have a
Also, we need the following notations.
Next, we state a known result as lemma, which we need later. Also we give two results involving the second order differences of both (x n ) and (M(x n )) which are easy to prove and are required in section 3.
Lemma 2.1 For any real sequence
Now, using Lemma 1.5 we obtain the following result.
Lemma 2.2 For any real sequence
(x n ), Δ 2 M(x n ) = 0 if and only if Δ 2 (x n ) = 0, n = 0, 1, . . . .
Lemma 2.3 For any non-negative matrix
n,i is represented by (2.2), then for each fixed i,
n,k .
Lemma 2.4 For any non-negative matrix
n,i is represented by (2. 3) then for each fixed i,
n,i ),
n,i ).
Proof. Consider

M(a
This proves part (i). Part (ii) follows easily from part (i).
Main results
Since the domain of a given matrix need not include all mean-convex sequences, we restrict ourselves to the mean-convex sequences that are in the domain of the matrix.
Theorem 3.1 A non-negative matrix A satisfying the property (2.1) preserves the mean-convexity of sequences if and only if for each
n,1 ) = 0, and
First, we prove a general result for a mean-convex sequence in terms of the sequences a
. If (x n ) is a mean-convex sequence in the domain of A, then from (1.2), we see that
where e i ≥ 0 for i ≥ 2. So, the n-th term of the transformed sequence is
The change in the order of summation can be justified as follows. Consider
Since (x n ) is in the domain of A and the matrix A satisfies (2.1), the right side of the above equation converges. It follows that for n = 0, 1, . . . ,
Therefore,
Proof of Theorem 3.1. Now, assume that the conditions (3.1), (3.2) and (3.3) given in the theorem are true. Then,
Hence the sequence (Ax) n is mean-convex.
Conversely, assume that the matrix A preserves mean-convexity of the sequences in its domain. Suppose that the condition (3.1) fails to hold. Then there exists an integer N > 0 such that (2k + 1)a n,k converges by (2.1). Using (1.3), the corresponding sequence (e k ) is given by e 0 = −1, e 1 = 0, and for k ≥ 2
Thus, (u n ) is mean-convex. Now, substituting the values of e i 's into the equation (3.5) we get
which contradicts that the transformed sequence (Au) n is mean-convex.
If L < 0, we repeat a similar argument by considering the mean-convex sequence v = {1, 3, 5, · · · } to get a contradiction.
Next, suppose that the condition (3.2) is not true. Then there exits an is not mean-convex. That is, for some N,
Now, we construct a mean-convex sequence as follows.
By property (2.1), we see that the sequence (x n ) is in the domain of A. Also, (x n ) is mean-convex, because using (1.3) e 0 = e 1 = · · · = e j−1 = 0, e j = 1 and for k > j we have
Using these values of e i 's together with our assumptions (3.1) and (3.2) in equation (3.5) for n = N, we get
N,j ) < 0, which again contradicts that (Ax) n is a mean-convex sequence. This completes the proof.
Next, we observe that among the three sufficient conditions for a matrix A to preserve the mean convexity of sequences, the condition (3.3) can be replaced by a weaker condition. Using Lemma 2.1, we get the following result. 
Corollary 3.2 A non-negative matrix A satisfying the property (2.1) preserves the mean-convexity of sequences if for each
n,1 ) = 0 and (3.6)
Assume that the conditions given in (3.6) are true. If (x k ) is a meanconvex sequence, then we have
Thus from (3.5) and from part (ii) of Lemma 2.4, the transformed sequence satisfies
Hence (Ax) n is mean-convex.
We notice that because of Lemma 2.1, we can further simplify the conditions given in Theorem 3.3 as follows.
Corollary 3.4 A non-negative matrix A satisfying the property (2.1) preserves mean-convexity of sequences, if for each
n,1 ) = 0 and (3.7)
n,i ) ≥ 0 for i = 2, 3, . . . .
Corollary 3.5 If the non-negative matrix A satisfies the conditions given in Corollary 3.4, then A transforms all the mean-convex sequences into a subset of convex sequences.
Proof. For any mean-convex sequence (x n ), the transformed sequence given by (3.4) is
Therefore, using Lemma 2.3
Then by using (3.7) and Lemma 2.2, we see that Δ 2 (Ax) n ≥ 0.
Next, we give below a condition for a mean-convexity preserving matrix A to be stronger than the identity mapping. 
then A transforms a non-mean-convex sequence into a mean-convex sequence.
Proof. Construct a sequence (x m ) such that
Since the sequence (x m ) can be represented in the form 
The change in the order of summation is justified by considering
which is finite. Then, using (3.5) for each n,
which implies that the transformed sequence is mean-convex.
Examples
In this section, we discuss two of the well-known matrices preserving the meanconvexity of the sequences.
One of the most familiar matrices is the Abel matrix. For each sequence (t n ) satisfying 0 < t n < 1 and lim n t n = 0, the Abel matrix A t [2, p.421 
which satisfies the property (2.1) because for each n,
Now, using the definitions in (2.2) and (2.3) we get, for each n, a
Hence,
M(a
This implies that
Next, for each fixed i = 2, 3, . . . ,
where
It suffices to show that f (n + 1) ≥ f (n). It is easy to show that f (n) = g(n + 1) − g(n) where
Again by differentiation, it can be proved that g(n) is an increasing function. Hence,
Next, we investigate the Borel matrix preserving mean-convexity of sequences. The Borel matrix [6, p.53 ] is given by 
